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Relative Cohomology with Respect to a 

Lefschetz Pencil 


Hossein Movasati^ 


Abstract 

Let M be a complex projective manifold of dimension n + 1 and / a mero- 
morphic function on M obtained by a generic pencil of hyperplane sections 
of M. The n-th cohomology vector bundle of /o = f\M-Ti, where TZ is the 
set of indeterminacy points of /, is defined on the set of regular values of /o 
and we have the usual Gauss-Manin connection on it. Following Brieskorn’s 
methods in Br , we extend the n-th cohomology vector bundle of /o and the 
associated Gauss-Manin connection to by means of differential forms. The 
new connection turns out to be meromorphic on the critical values of /q. We 
prove that the meromorphic global sections of the vector bundle with poles 
of arbitrary order at oo € P^ is isomorphic to the Brieskorn module of / in a 
natural way, and so the Brieskorn module in this case is a free C[t]-module of 
rank f3n, where C[t] is the ring of polynomials in t and f3n is the dimension of 
n-th cohomology group of a regular fiber of /q. 


0 Introduction 


The algebraic description of the monodromy of a germ of an isolated singularity 
/ : 0) —(C, 0) was done by E. Brieskorn in [Brj . In this article he considers 


the Milnor hbration associated to / and then the n-th cohomology vector bundle 
7-f of / over a punctured neighborhood of 0 G C and the associated Gauss-Manin 
connection. Then he constructs three extension of this vector bundle (the sheaf of 
its holomorphic sections) 7^, "H, "l-i by means of holomorphic forms in 0). He 

constructs them up to torsions which may appear in the stalk over zero but later 
M. Sebastian! in |Sej proves that there is no torsion and so Brieskorn’s extension is 
complete. By a slight modihcation of his argument we can obtain a meromorphic 
connection V : H —>■ G^Q(fcO) ®c>co ^ which is the Gauss-Manin connection of 
the Milnor hbration in (C, 0) — {0}. Here V stands for one of H/H and "Ti, k 
is the smallest number with this property that the multiplication by induces 
the zero map in the Jacobi algebra of / and Gc Q(fcO) is the sheaf 

of meromorphic 1-forms in (C, 0) with poles of order at most k at 0. The stalk of 
7-f, 'H, "Ti over 0 G (C, 0), namely iJ, 'if, "H, are called Brieskorn modules and they 
are very useful objects in singularity theory. They are freely generated Oc^o-Kiodules 
of rank /i, where /i is the Milnor number of /. 
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We consider a projective manifold M of dimension n + 1 and we intersect it by 
a pencil of hyperplanes (see for instance Lamotke’s article 



f( 

iM 

-1 


intersection of the axis A of the pencil with M, such that are hyperplane 

sections. We assume that A intersects M transversally and /o has only isolated 
singularities. Now /o is a C°^ hber bundle over — C, where C is the set of critical 
values of /q. Therefore we have the cohomology hber bundle over P^ — C* and the 
associated Gauss-Manin connection. 

In the above context we will generalize Brieskorn methods as follows: We make a 
blow up TT : G —M along TZ and we obtain our extensions by means of meromorphic 
forms in V with poles of arbitrary order along 7r~^(7Z). In this way we obtain three 
analytic sheaves on P^ and connections V : W —> r2pi(C') 00^1 W. 

Here W stands for one of H"', 'l-C and "TY”, G is a divisor in P^ with support at the 
critical values of /o and Gpi (G) is the sheaf of meromorphic 1-forms in P^ with pole 
divisor less than or equal G. 

Our main result in this article is that W is a locally free sheaf of rank over 
P^, where f3n is the dimension of the n-th cohomology of a regular hber of /o, and 
there is a canonical isomorphism between W |pi_c and the n-th cohomology vector 
bundle of /o over P^ — G and V is the Gauss-Manin connection by this isomorphism. 
Then we introduce global Brieskorn modules TT", in our context. They are 

C[f]-modules, where C[t] is the ring of polynomials in t, and we prove that there 
is a C[f]-module isomorphism between H'^ (resp. and "H^) and the module 
of global meromorphic sections of 'HA (resp. 'H^ and "H^) with poles of arbitrary 
order at cxo G P^. 

In the lower dimensions i < n there is no vanishing cycle and the monodromy 
around a critical value is identity. It is not difficult to see that in this dimension the 
cohomology of the critical hber gives us the desired extension and the Gauss-Manin 
connection on the Tth cohomology vector bundle is holomorphic even in the critical 
value. This implies that the obtained vector bundle is trivial. However, we construct 
this extension by means of meromorphic forms. 

The notion of global Brieskorn modules has been recently considered by many 
people, see for instance G. Sabbah, A. Dimca, M. Saito and P. Bonnet’s works jSalj . 
PS] . [BD . As an immediate consequence of our last result we prove that iP" and 
and are freely generated C[f]-modules of rank jSn- This result was already 
known by G. Sabbah in ISill. In the context of differential equations (n=l) 'H^ 
appears in the works of G.S. Petrov for polynomials of the type + P{x) in 
and is called Petrov module by L. Gavrilov, (see inis] p. 572). Recently some 
applications of this module in differential equations have been introduced by the 
author of these lines in 


Mo2 


Brieskorn module 'H in differential equations: Gonsider the case M = P^ 
and / = ^, where F and G are two polynomials of the same degree in an affine 
coordinate of P^. Assume that F = 0 intersects G = 0 transversally and the 
critical points of ^ are non-degenerate with distinct images. Gonsider the foliation 


( 1 ) 


: df + e.uj = 0 
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where a; is a meromorphic 1-form in with poles of arbitrary order along G = 0. 
Let {5i}tG(c,o) be a continuous family of vanishing cycles. We call h{t) := a; an 
Abelian integral. If h[t) ^ 0 then the cycle persists in being cycle after this 
deformation if and only if h(fo) = 0. Therefore the study of the number of limit 
cycles appearing from 5ts after the deformation JF* leads to the study of the zeros 
of Abelian integrals. In |Moj (see also |Molj l it is shown that if h[t) = 0 then 
uj = Pdf -|- dQ, where P and Q are two meromorphic functions in with poles of 
arbitrary order along G = 0. Therefore a; = 0 in 'H^ and 'H^ represents the space 
of deformations CD for which the birth of limit cycles can be studied by Abelian 
integrals. 

Now let us explain the structure of this article. In § ^ we have explained in 
details the extension of the cohomology vector bundles of /o to the critical values 
of /o and the associated Gauss-Manin connection to a meromorphic connection. 
Theorem o which is the central result in this article is stated there together with 
Theorem o The reader who is interested only on the construction and the main 
results is invited to read only this section. Theorem 11.21 is proved in § |21 The 
terminology and propositions in Appendix ^are used in this section. §01 is devoted 
to the proof of Theorem 11.11 The proof can be considered as a kind of variational 
Atiyah-Hodge theorem, therefore it is recommended to the reader to know the proof 
of this theorem stated in [Nrj . 

Perhaps three appendices for this article is too many, but in each of them we 
have obtained some partial results which we need them in this article and I did not 
hnd them in the literature. In Appendix El we have listed some necessary concepts 
and theorems in complex geometry. The hrst result is IA.101 which is a kind of 
Kodaira vanishing theorem for direct limit of coherent sheaves. IA.16I is the main 
result in this appendix. It is a kind of variational Kodaira vanishing theorem and is 
frequently used in this article. After doing a blow-up in the indeterminacy locus of 
our pencil we obtain a holomorphic map g ■. V and a divisor A in K in such 

a way that the intersection of A with a regular hber is a positive divisor in that 
hber. lA. 161 claims that R^g^S{*A) =0,i > 0, where 5 is a coherent sheaf in V and 
5(*A) is the sheaf of meromorphic section of S with poles of arbitrary order along 
A. Note that g has critical hbers. In Appendix El we list some information about 
the topology of the hbers of /q. Any kind of singularities can appear in our pencil 
therefore we had to combine some technics of [La] and [mV] to obtain IB. 11 the 
main result of this appendix. In particular we prove that a distinguished basis of 
vanishing cycles in the singularities with a same value must be linearly independent. 
Let us consider the restriction map from a global Brieskorn module of a pencil to 
a local Brieskorn module of a singularity of the pencil. It is believed that this map 
is surjective but I was not able to prove this fact. In Appendix Owe prove 031 
which says that the local Brieskorn module divided by the image of the mentioned 
map is a vector space of hnite dimension. This easily implies that the image of the 
mentioned map is a freely generated Gc,o-module, the statement of IG.2I 

I would like to thank my teachers S. Shahshahani, C. Camacho, A. Lins Neto, and 
P. Sad for their support and interest. I would like to thank also C. Hertling, S. Lu 
and Y. Holla for many useful conversations. The hrst draft of this article is obtained 
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in IMPA-Brazil and IPM-Iran. The final version is obtained in MPIM-Bonn. Here 
I acknowledge my sincere thanks to all these institutes for hospitality. 


1 Extension of the cohomology vector bundle and 
the Gauss-Manin connection 


Let M be a complex projective manifold of dimension n + 1, {Mtjtgpi a pencil of 
hyperplane sections of M and / the meromorphic function on M whose level sets 
are M^’s. Suppose that the axis of the pencil intersects M transversally (see [Laj L 
This implies that the set of indeterminacy points 7^ of / is a smooth submanifold 
of M of codimension two and every two M^’s intersect each other transversally in 
TZ. Define fo '■= f \m-tz and Lt := Mt — 71 = We assume that the critical 

points of fo are isolated and we denote by (7 = {ci, C 2 , C 3 ,..., c^} the set of critical 
values of fo- Note that a critical fiber Me- may have more than one critical point. 
Put 

Pi = dim{H\Lt, C)), — (7, 0<i<n 

fo is a (7“ fibration over — (7 (see for instance [La] j and so Pt is independent of 

t. 

The set 77* = Utgpi_c'77*(Ti, C) has a natural structure of a complex manifold 
and the natural projection 77* —> P^ — (7 is a holomorphic vector bundle map which 
is called the Tth cohomology vector bundle. Let Cm-ti be the sheaf of constant 
functions m. M — 7Z and B7 fo*^M-n be the Tth direct image of the sheaf Cm-tz (see 
GrRe and Appendix Any element of B7 fo^^M-niP), U being an open set in 


P^ — (7, is a holomorphic section of the cohomology vector bundle map and is called 
a constant section. It is easy to verify that 

0{Hp = R foPM-n ®c 

where 0{Hp denotes the sheaf of holomorphic sections of 77*. We define the sheaf 

77* = 77 */o*CM- 7 ^ ®c C^pi-C 5 0 < i < n 


The Gauss-Manin connection on 77* is given by 


( 2 ) 


V ; 77* 


ni 

iipi-g; 


pi-c 


77* 


V( 5 f ®c) = dg®c, c e RfoXM-nP), 9 e Opi_c{U) 

where U is an open set in P^ — C. Now we have the problem of extension of 77* to a 
locally free sheaf on P^ and V to a (meromorphic) connection (with possible poles 
in C) defined in the extended sheaf. We could define 77* and V in the whole P^. In 
IB. II Appendix El we have proved that 77*, 0 < i < n is a locally free sheaf of rank 
Pi in P^ so in this case there is no serious problem. But in the case i = n we have 
the notion of vanishing cycle in a critical point of fo and so the definition m does 
not give us the desired extension. Using Brieskorn’s ideas we are going to construct 
some extensions and reconstruct 77*’s by means of meromorphic forms. 
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Let TT : tL —> M be the blow-up along TZ (see [Laj L 1/ is a smooth manifold and 
^ = TT o / is a well-dehned holomorphic function in V. We have 

(3) A := TT-\n) ^ pi X Id := g-\t) = TT-\Mt), Lt^Vt-A 
Each hber Id intersects A transversally in {t} x TZ. For t/ C P^ we dehne 

(4) Vu:=g-\U), Lu:=Vu-A 

Let n* be the sheaf of holomorphic z-forms in V and be the sheaf of its 

meromorphic sections with poles of arbitrary order along A. Let also be the 
direct image by g of i-®- = g*^^{*A). The following sheaf is well-dehned 

^ SJJ, A Si- 

We have the following long sequence: 


( 5 ) 


nO 

i iy/pl 






v/pi 


jn—1 jn , . 

“ r\n “ Qn+l 


We dehne 


W 


kerdZ 


Note that are Opi-module and the diherential operators cfA are O^i linear 

and so the cohomology sheaves 7-f*’s are Opi-modules. We also dehne the sheaves: 


'rC" 


9A 

fill A -h ’ 




fi^+i 

fill A dn^ 


From now on the index i stands for 0,1, 2,..., n/ n," n. For instance if z =' n then 
W = '1-C and I3i = f3n- To construct connections on 7-f*’s we need the following 
lemmas. The key of the proof in both lemmas is lA.lbl in Appendix ^ Let c G pi, 
U a small open disk around c and t a regular holomorphic function in U. 


Lemma 1.1. (generalized de Rham lemma) An element lo G < n is of the 

form dt A g, g E fi*“i(?7) if and only if dt A uj = 0. 


Proof. It is enough to prove that if dtAu = 0 then u is of the form dt Ag, z] G fi* ^{U). 
By de Rham lemma (see [BrJ . p. 110) we can write 


a; = dt A z^Q, G fi* i(*A)(Lo,) 


where {Ua}a£i is an open covering of Vu- Now {ga — gg]a,i 3 &i is an element of 
l/i(Id/,5(*A)), where 

5 = A'er(fi*-i ^ fi*) 

By IA.16l iLifI4f. = 0 and so we can hnd g'^ G S{*A){Ua) such that ga — Vg = 

g'a — g'g- The (z — l)-form g \ua= Va — vL satishes oj = dt A g and is the desired 
(z — l)-form. □ 
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over 


Lemma 1.2. is a discrete sheaf with support at C. The stalk of 

Cj & C is a vector space of dimension pic ■, where pic ■ is the sum of Milnor numbers 
of the singularities of f within Lc -. In particular there is a natural number kj such 
that (/ — is zero in Cj. 

Proof. Put /ic = 0 if c is not a critical value of /. We know that 


( 6 ) 


a: is a critical point of g with the Milnor number pi^ 
0 otherwise 


By lA.lbl iJ^fVrr. q*fr2ii i A = 0 and so 



H^{Vu,g*{nl,)An^{*A)) 


= H^Vu, 






) = 


H%Vu, 




.A)) 


g*{Ql,) A 

Since (ED is a discrete sheaf with support at lA — A, we conclude that 

where x runs through all critical points of / within W- 


□ 


We put kj the minimum number with the property in Lemma II.21 For every 
critical point p in the hber Wj there exists a natural number kp depending only on 
the type of the critical point p such that {g — is zero in p (see [BrJ . p. 

110 and 125). Choose always the minimum kp. We have kj = maxp{fcp}, where p 
runs through all critical points of / within Ley 

Consider the sheaf Ti\ 1 < i < n — 1. Let [cu] G WiU). We can write du = 
dt A E 12*(f/). We have dt A dg = 0 and so by Lemma 11.11 we have dg = dt A g' 
for some g' G 12*(f/). Therefore we can dehne the following connection; 


V : 7f* ^ 12^1 

V[a;] = dt ®[g\, du = dt A g 
Now we are going to dehne the connections 


V : 7f* ^ 12^1 (C) 00^.1 n\ i = nfnf'n 


where C = 'Yh^jCj and 12pi(C') is the sheaf of meromorphic sections of 7Y** with a 
pole of order at most kj at Cj. The reader is referred to [EVT| for more informations 
about meromorphic connections on sheaves on P^. 

Let us dehne p{t) in U as follows: p{t) = 1 if 1/ C P^ — C and p{t) = {t — Cj)^^ if 
U is an open disk around Cj. Let [a;] G TC^{U). We can write du = dtAg,g E 12**(f/). 
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Since dr] may not be of the form dt A rj', rj' G Q'^{U), we had to multiply dr] by p{t) 
and therefore by Lemma 11.21 we have: 

d{p{t)T]) = p{t)dp + p'{t)dt /\p = dt /\p' + p'{t)dt Ap, p' e 


Therefore we can dehne 


VM = 


dt 

pit) 


[p'], p' = pit)p, duj = dt A p 


In a similar way for [a;] G '7{^{U) 


Vbl = 


dt 

pit) 


[p], p{t)duj = dt A p 


and for [a;] G "H'^{U) we have 


V[a;l = 


dt 

pit) 


[dp], pit)ui = dt A p 


It is not difficult to see that these dehnitions are well-dehned and do not depend on 
the choice of the coordinate t and the choice of u in the class [a;]. From now on we 
use the notation u instead of [a;]. The main theorem of this article is: 

Theorem 1.1. = 0,1,... ,n,' n," n is a locally free sheaf of rank (di on The 

natural map W W in¥^ — C which is obtained by the restriction of differential 
forms to the fibers of g induces an isomorphism between (TY*, V) and (TY*, V). 

We have used the convention TY® = ifT for i =' n," n. If we consider only one fiber 
Vt then by Atiyah-Hodge theorem (see IA.17fl we know that meromorphic differential 
forms in Vt with poles of arbitrary order along A ft 14 give us the cohomology groups 
of Vt — A. This shows that the above theorem in — C* is a natural statement. 
Main difficulty in the proof of the above theorem lies in the critical values of /. To 
prove it we will have to look more precisely to the proof of Atiyah-Hodge theorem 
stated in [Nrj . 

Now we can look at TT as a vector bundle. In the case i < n the obtained 
connection is holomorphic in P^. This implies that the vector bundle TC‘,i <n is, a. 
trivial bundle. We have already expected this fact. 

Note that the above extensions are not necessarily logarithmic. All logarithmic 

89 and also in [EV] . [He] for arbitrary 


AB 


P- 


extension to C are described in 
dimension of the base space. The extensions introduced above have a peculiar 
property which we are going to explain below: 

Choose p = cx) G P^ — C. This implies that D := M^o is smooth. Let t be an 
affine coordinate of C = P^ — {p} and IT i*D) be the set of meromorphic i-forms in 
M with poles of arbitrary order along D. It is a C[t]-moduIe in a trivial way 


p{t).u! = pif)u!, 00 G kf{*D), p{t) G C[t] 
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where C[t] is the ring of polynomials in t. The set of relative meromorphic i-forms 
with poles of arbitrary order along D is dehned as follows: 



i*D) 


n\*D) 

df 


The differential operator 


uj\ —^ duj\ 

is well-dehned and C[f]-linear. Now we have the complex of relative meromorphic 
forms and so we can form the cohomology groups 


W = H\Q*y/^,{*D),d*) 


Ker{d^) 


0 


is called the i-th relative cohomology of M with respect to /. It is easy to see 
that = C[f]. In dimension n there are two other useful C[t]-modules 


/^n 


{*D) 

df A + dir~\*D) ’ 


"id” 


df A drr{*D) 


The C[f]-modules H"', ii'”, ii"” were introduced by Brieskorn in [Brj for a germ of 
a holomorphic function / : (C”+^,0) —> (C, 0) and are also called Global Brieskorn 
modules (see Appendix 0 ). 

We consider the C[t]-morphism 


(7) 


W H 


O/'iral 


t = 0,1,2, 


. nJ n!' n 


and the morphism of vector spaces 

(8) !yy,(H,£>)^H»(p‘,si“+\(H,p)) 

obtained by restrictions to the hbers of g, where 'hC'{*p) denotes the sheaf of mero¬ 
morphic sections of Ti* with poles of arbitrary order at p. The next main result in 
this article is: 

Theorem 1.2. The morphisms 0 and (0) are isomorphisms. 

Corollary 1.1. Keeping the notations used above, we have 

1. ldy^pi{*D) is a vector space of dimension p, where p is the sum of local Milnor 
numbers of f; 

2. ii*, i = 0,1, • • •, n," n is a free C[t] module of rank j3i; 







Proof. By Theorem 11.21 the first statement is trivial. For the second one it is 
enough to prove that H^(F^,W{*p)) is a free C[t]-module of rank [3i. The sheaf TP 
is a locally free sheaf of rank /3j over P^. By Birkhoff-Grothendieck decomposition 
theorem (see jGrRelj i there exist integers ni,n 2 ,... (uniquely determined up 
to a permutation) such that 

PC ^ Oijiip) © Oin^p) © • • • © Oijip.p) 


Meromorphic sections of 0{nip) with poles of arbitrary order at p is a C[t]-module 
of rank one and therefore H^{F^,PC^{*p)) is a free C[f]-module of rank /?*. □ 


lfi<n then the vector bundle 7Y* is trivial and so the numbers ni, 77 - 2 ,..., np. are 
zero. It would be interesting, if one tries to understand the nature of the numbers 
ni, 77,2,..., 77^. by some numerical invariants of the manifold and the singularities of 
/o in the case i = n,'nf'n. 


The above corollary generalizes Brieskorn and Sebastiani’s results in [Br] and 
e] in the local case / : (C"'’''^,0) —> (C, 0). When I finished this article I was 
informed that similar results to Corollary II .11 are obtained by C. Sabbah IBH] in 
the context of algebraic geometry and therefore in view of Serre’s GAGA principal 
it is true in the context of analytic geometry. 


2 Proof of Theorem 11.21 


Recall the notations introduced in dH) and (H- We will also use notations intro¬ 
duced in Appendix El Let Q^{kA) be the sheaf of meromorphic ©forms in V with 
poles of order < k along A and Q^{k) = g^VC{kA). By Grauert direct image theorem 
CV'{k) is a coherent sheaf and so we have a direct system of coherent sheaves {fl^{k)}k 
(the map Q^{k) —>■ Q'^{k + 1) is the inclusion). The sheaf G* = lim^^oo G*(/c) is the 
direct image of G*(=t:A). The quotient direct system of sheaves 



ik)}k 


{^Kk)}k 


is called the direct system of sheaves of relative meromorphic ©forms. We can easily 
check that the differential operator 


P : {^v/pi{k)}k {Q\f^pi{k + l)}fc, d\uj) = du 

is well-defined and (9pi-linear. Now we have the following, not necessarily exact, 
sequence 


{Gy/pl (fc)}A; —>■ {Gy/pl (fc + l)}fc —>■ ■ ■ • —>■ {Gy^pl (fc + 7)}fc —> ■ • • 

We have the complex of relative meromorphic ©forms ({r2;(,^pi(A; + *)}a;, d*), and so 
we can form the direct system of cohomology sheaves 

+ .)},v) = i > 0. d-' = 0 
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The differential operators (i*’s are Opi linear and so is a direct system of 

C>pi-module sheaves. We also define the sheaves: 


W = lim n\k) 

k^oo 


Wk)h 


{n^{k)}, 

{ni,An--^{k) + dn--\k-i)}k 


, '7f 


lim 'n"(k) 

k^oo 


"Tr{k) 


{dt A dQA{k — l)}fc ’ 


lim "Tfik) 

k^oo 


It is not clear at all that the sheaf is coherent. By properties IA.2I and I A. 31 in 
Appendix El it is not difficult to see that this way of definition of 7i*’s coincide with 
the one introduced in the first section. 


Theorem 2.1. The sheaves TC^{k), i = 0,1,..., n,' n," n,k = 0,1,2,... are coherent. 

Proof. According to Grauert direct image theorem ( Theorem IA.13l in Appendix 
Q'‘{k) is coherent for all finite integer number k. Now the coherence of TC'{k),k G N 
can be obtained from the following facts: Let S and S' be two coherent sheaves on 
a complex manifold P. If 5 C S' then ^ is coherent. If i > 5' is a Op-linear 
map then kernel and image of i are coherent sheaves (see [GrRej p. 236-237). □ 

Now let us prove Theorem II .21 We only prove the isomorphism ©• The proof 
of the second is similar. First we observe that 


W{*p) 


Ker{d') ^ Ker{d'){*p) 

Im{d^~^) ^ Im{d^~^){*p) 


The number over an equality means the corresponding property in Appendix El 
Im{d'‘) is a direct limit of coherent sheaves and so by lA.lOl we have Im{d'‘~^){*p)) 

0 and 


H\p\n\*p)) 


Ker{d'){*p) 


fOnl H^{P\Ker{d%*p)) 

R0(pi,/m(d*-i)(*p)) 


Let 






H' 


Omi 




y/pi' 


be obtained from By I A. 61 and lA.lll we have 


Ker{di) = H\F\Ker{d'){*p)), Im{di-^) = H\F\ Im{d'-^){*p)) 

Gpi is a direct limit of coherent sheaves, by lA.lOl iL^fP^. (Gpi Af2*“^)(*p)) = 0 

and 




fOnl H^{¥\n'{*p)) fATsl 

AfT-i)(*p)) 
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dt A 

where t is the chart map for — {p} (it has a pole of order one in p). We have 

n\*p) = {g,n\*A)){*p) + *Vp), n-\D) = A + Vp 

By blow down along A we can see easily that if°(P^, f2*(*p)) = Q\*D). □ 


3 Proof of Theorem 11.11 


The arguments of this section can be considered as a variational Atiyah-Hodge 
theorem (see lA.lTl in Appendix It is highly recommended to the reader to know 
the proof of Atiyah-Hodge theorem stated in [Nr] . First we will prove the assertion 
of Theorem o for i = 0 ,15 ■ • • 5 ~ 1/ The same statements for i = n," n follows 

directly. 

We have constructed by means of meromorphic forms in V with poles of 
arbitrary order along A. The following lemma enables us to reconstruct it by means 
of holomorphic forms in V — A. 


Lemma 3.1. Let g : X ^ Y be a continuous map between paracompact Hausdorff 
spaces and suppose that two complexes A and A' of Abelian sheaves over X are given 
together with mappings h such that the diagram 


(9) 


A' 

■^0 



A 

dA 

hoi 

hii 


h2l 


^0 



A 2 

dP 


is commutative. (The rows are not supposed to be exact, but we have do d 
d' o d' = 0). Suppose further that 

R'g^Ak = 0, R^g^A'i, = 0, Vz > 1, /c > 0 

and for k > 0 h induces isomorphisms of cohomology sheaves 


Ker(d*) Ker(d'‘) 


( 10 ) 

Then h induces isomorphisms 
( 11 ) 




Aer«^) Kerid':) 


for all k >0, where d* and d( define the sequences 


-1 


0 


( 12 ) 


g*AQ 

i 


d'O 


1 


g*A[ —>■ g*A2 
i i 


0 ‘'-A g,Ao ^ g.Ai ^ g*A 2 




dl 


0 and 


11 













Proof. We have just rewritten Theorem 6.5 of [Nrj in another form. □ 

Let T* be the sheaf on V, which is dehned by the presheaf that to every open 
subset U of V associated the modules of holomorphic i-forms in 17 — ^4. Let also 


ci 

Cy/pl 




Let t/ be a small open disk in P^. Since Ly is a Stein manifold (see IR.Ijl and the 
restriction of any Stein covering (see [GrRej l of Vy to Ly is again a Stein covering, 
by Cartan’s B theorem we have 


9*^v/v~^ — 0, j > 0 

We have the following long sequence: 

(13) 71 := 0 ^ 4/pi ^ 4/pi 4 ... ^ 0 

Recall that is the sheaf of meromorphic Aforms in 17 with poles of arbitrary 

order along A and 








By IA.16I we have Wg^Vtyif-i_{*A) = 0, j > 0. We have the following long sequence 


~ j/0 ~ j/1 j/^ —1 ~ 

(14) A' := 0 ^ fl^/pi (*7l) ^ Qlr/pi (*A) ^ ^ (*A) ^ 0 

Now we would like to verify the hypothesis of Lemma 13.II for 7l' and 7l. The maps 
h are inclusions. The only non-trivial hypothesis is the isomorphism (HDD in a point 
p & A. Choose a Stein neighborhood U and a coordinate system ( 2 : 1 , 2 : 2 , ■ ■ ■ 
around p G A such that in this system p = 0, A is given by 2:1 = 0 and Lt^ by t = to- 
We have proved in 1C.51 in Appendix [0 that in U 


Ker{d'^) Ker{(P) 

Jm(d'*“^) Im{(p-^) 

Kerid'^) Ker{d}) dzi i 

which proves the desired isomorphism in p G A. The conclusion is that: 


(15) 

yi ^ Ker{di) 
Im{dT^) ’ 

where 

(16) 

n cO 

u > 9*^yi'^^ ^ 


g*E^ 


v/pi 


Im{d: 


72—15 


^ 1 
9*^v 


v/pi 


9*£ 


v/pi 0 
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Lemma 3.2. Let X be a paracompact Hausdorff space and 


(17) 



an exact sequence of sheaves of Abelian groups. Let also Y be another paracompact 
Hausdorff space and g : X a continuous map. Suppose that 


(18) 

Rdg^,Fp = 0, Vq'>l,n>p>0 

Then 

fl-o F ~ 0 < t>< n 


and there exists a natural inclusion K^q^F —> ^ such that we have 


0 ^ R^g,F 


where d^ ’s define the sequence 


g*Fn 


9*Pn 


Im{d 


r') 


gjm{d- 


n-l) 


0 ^ g^Fo g^Fi ^ ^ g^F^ 


Proof. The proof is a slight modihcation of Lemma 6.3 of jNrj . Put Zp = Ker{d^) ,0< 
p < n. The first statement is trivial for p = 0. Therefore let us prove the first state¬ 
ment for p > 1. The exactness of (HID at Fp gives us 

(19) 0 —>• Zp_i —>• Fp_i Zp ^ 0, 1 < p < n 

and we get the long exact sequence 

■ ■ ■ ^ Wg^Fp_i Wg^Zp ^ W^^g^Fp_i ■ 


By (HHD we conclude that 

Wg^Zp = W^^g^Zp-i, l<p<n, g>l 
Since F = Zq, we have 

(20) RPg,F = RP-^g,Zi ^ ^ R^g*Zp_i, 1 < p < n 

m gives us also 

p*Fp_i ^ g^Zp R^g^Zp-i ^0, 1 < p < n 


and thus 


R^ g*Zp-i — 


g*Zp_i 

Im{dFY^) 


Ker{dl) 


0 < p < n 
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We have proved the first part of the lemma. Now let us prove the second part. We 
have the short exact sequence 

is a subsheaf of both and g^^Fn so we can rewrite the above 

exact sequence as: 

(' 21 ') 0 ^ 9*Fn 9*Fn ^ 

The short exact sequence 

0 —>• Zn-i —> Fn-i Imd"‘~^ 0 


gives us 

771—1 

g^Fn-i ^ gJm{dJ"~^) R^g^Z^-i 0 
Therefore by CT we have 


( 22 ) 


R"g,F 


gjm{d’^ 

Im{d!i~^) 


Note that for this we do not need to have R^gRm^d^ = OjVg > 1. Now (1^ 
and (j2^ hnish the proof. □ 


TT 

Since V — A = M — TZ and fo^Ti = g \v-a, we can use the symbol /o instead of 
g \v-A- The following sequence 


(23) 


0 ^ /o'Op. 


cO 

Cy/pi 


dO 


pi 

^y/pi 


in 1/ - A 


is exact even in the critical points of /o (see [BrJ . Proposition 1.7, hi). We can apply 
Lemma Id.21 to the above sequence and obtain 


^7o*(/o*ai) = 


Ker{di) 

Im{dl~^) 


r\j 


i < n 


0 ^ RVo*{foO^^) 


g*F 


n 

y/pi 




n 

V/¥^ 


Im{d\ 


n— 1 ", 


gjm{d 


n—l') 


where dl is defined in (unD- 

Let 'H{pi) be the Brieskorn module of a singularity pi of g (see the hrst paragraph 
of Appendix inj) . Dehne 


(24) 


Jo c is a regular value 

J Q)i'H{pi) Pi's are the critical points within Lc 


Each stalk Cc is a free (Pppc-^iodule of rank pc- There is defined a natural restriction 

map 

(25) 

We denote by C its image. Now £x a critical value c E C. The stalk C' is a 
(Ppi c-submodule of Cc- 
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Lemma 3.3. We have 


n 

y*‘-'v/¥^ 

Proof. By Ha for i = n, C is the image of under the projection —> 

C. The kernel of this map is exactly g^Im{d"'~^) and so the proof is finished. □ 

We know that 


(-R*/o*(/oC>pi)) |pi-C — {R^g*^V-A ®Cpi C>pi) |pi-C— R 


(see 

(26) 


BrJ p. 120). By lemma 13.31 we conclude that 


l-e^PC i<n, 'PC |pi_c= PR |pi_ 


c 


(27) ^^PR ^'PR 

(Eni) and IB. II imply that i < n (resp. 'PR |pi_c) is a freely generated sheaf of 
rank /?, (resp. /?„). Now for c ^ C, since the division of 'PQ over the freely generated 
of rank /?„ — jic Oppc-niodule Ti'f (see IB.lfl is freely generated of rank /Xc (see ins, 
we conclude that 'PCf is freely generated of rank fdn- 

Consider a continuous family {dt\t&u of i-dimensional cycles in g~^{U) — A in 
such a way that 6t lies in Lt. For any to G the integral is well-defined. 

Let 7 be a path in U going around t anti-clockwise and F be the surface in V formed 
by the union of curves F = With the above notation we have 


(28) 



f df A uj 

r7^’ 




V ±U! 

dt 


For the proof of above equalities see [xnv] . By the second formula in (OHl) we 
can see that the flat sections of V in PC' go to the flat sections of V in PC by the 
isomorphism in (Ei and we know that this isomorphism is obtained by restriction 
of a; G PC{U) to the fibers Lt,t G U. This implies that this isomorphism sends 
(77*, V) to (77*, V). The proof of Theorem II.II for i = 0,1,..., n — 1,' n is finished. 

Now let us prove Theorem 11.11 for i = n," n. There is a natural inclusion 
77** C 'PR. Let f/ be a small open disk in and t a regular holomorphic function 
in U. By Lemma II .11 we have also the inclusion 


//T/n I dtA n^n i 

P \u^ Ai \u 


We can see that 




'PR 


rsj 

u= 


0**+^ 
i V/pi 


u 


and ^ is an inclusion and so by 1C.41 we conclude that 77**, "PR are locally 
free sheaves of rank /3„. If U G — C then the above inclusions are isomorphism 
of sheaves with connections. □ 

By the hrst part of Corollary 11.11 we know that Cc/Cc, c G C is a vector space 
of dimension less than /x^. I believe that it is zero. 
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A Complex Geometry 

In this appendix we will give all preliminaries in complex analysis and complex 
geometry used throughout the article. I did not hnd a book in the literature of 
complex analysis containing all of these preliminaries and so I have collected them 
in this appendix. 

In what follows by an analytic sheaf over an analytic variety V we mean a Oy- 
module sheaf. For a given analytic sheaf S over V, when we write x & S we mean 
that a; is a holomorphic section of S over some open neighborhood in V or it is an 
element of some stalk of S] being clear from the text which we mean. 

Direct Limit Sheaves: Let be a direct system of sheaves i.e., 

So ^ Si ^ Si ^ ■ 

If there is no confusion we write simply {5*}. We dehne the direct limit of the system, 
say limj^oo^^i, to be the sheaf associated to the presheaf U 1^4^00*54(17). There 
are defined natural maps Si limj^oo*^*. 

Let S be another analytic sheaf and {iSj —> 5} a collection of compatible analytic 
homomorphisms. Then there is a unique map limj^ooi^j —^ S such that for each i, 
the original map > 5 is obtained by composing the maps Si limj^oo Si —> S. 

A.l. Let {iSj} be a direet system of sheaves and {iS* ^ 5} a collection of compatible 
maps. Then limj^oo Si ^ S is an isomorphism if and only if 

1. For any x E S there exist i G N and Xi G Si such that Xi x; 

2. If there exist io ^ hi and a sequence —>••••, Xi E Si such that 

Xi ^ 0 E S then there exists ii > io such that for all i > ii we have Xi = 0. 

Proof. The first statement implies the surjectivity and the second one implies the 
injectivity of limj^oo Si ^ S. □ 

Using the above proposition we can check the following simple facts: 

A.2. The short exact sequence 

0 ^ {Ci} ^ { 54 } ^ {7)} ^ 0 


gives 


0 —lim Ci lim Si lim 7) —0 

i—^oo i^oo i^oo 


A.3. For a collection of compatible maps {iSj} ^ {7)} we have 

lim Ker{{Si} —> {Tj}) = Aer(lim Si —> lim 71) 

i—^OO i—^OO 2—^00 

lim Im{{Si} {7j}) = /m(lim Si lim 7j) 

2^00 2^00 2—^00 

One of the important properties of the direct limit sheaf is: 
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A.4. Let {iSj} be a direct system of sheaves over V. If V is compact then 

lim 5i) = lim B^(V, 5*), p = 0,1, 2,... 

i—^oo i—^oo 

Proof. The trick of the proof is that for a hnite covering U of V with Stein open sets 
every a G limj^oo or B^(U,\imi^oo<Si)) is represented 

by a hnite number of sections. This enables us to check the properties 1 and 2 of 
Proposition lA.ll □ 

Sheaves with Pole Divisors: Let S be an analytic sheaf over an analytic 
compact variety V and D a divisor in V which does not intersect the singular locus 
of V. By S{kD) we denote the sheaf of meromorphic sections of S with poles of 
multiplicity at most k along D. Also, S{*D) = limk^oo <S{kD) denotes the sheaf 
of meromorphic sections of S with poles of arbitrary order along D. We list some 
natural properties of sheaves with poles. 

A. 5. The short exact sequence of analytic sheaves 0—>£-^5—^0 gives us 
the short exact sequence 0 —> C{*D) —> S{*D) T{*D) —> 0. In particular if C is 
a subsheaf of S then y{*D) = . 

A.6. The analytic homomorphism of sheaves d : S T induces a natural analytic 
homomorphism : S{*D) T{*D) and 

ker{d){*D) = ker{dD), Im{d){*D) = Im{dD) 

A.7. Let D be a divisor in V. We have 

(lim Si){*D) = lim Si{*D) 

7—^■OO i^oo 

A.8. (5 ®Ov = S ®Ov ^ i*D) = S{*D) ®Ov ^ 

A.9. If S is coherent then S{kD) is also coherent. Moreover if 1/ is a compact 
manifold and D is a positive divisor then there exists an integer ko such that 

H^^{V,S{kD)) = 0, A; > fco, /i > 1 

Using A.4 and S{*D) = lim^^oowe have 

=0, p > 1 

A. 10. (Vanishing theorem for limit sheaves) Let {iSj} be a direct system of coherent 
sheaves and D a positive divisor in V. If U is a compact manifold then 

1/^(U, lim Si{*D)) = 0, /i > 1 

i—^oo 

Proof. This is a direct consequence of I A. 41 and IA.9I □ 

Let d : S' —> T be an analytic map between two coherent sheaves on a complex 
manifold U, D a positive divisor in V and H^^do) '■ S{*D)) H^{V, T{*D)). 
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A.11. WehaveH^{V,ker{dD)) = ker{H^{dD)), H^{V, Im{dD)) = Im{H\dD)). 

The coherence of the sheaves and the positivity of the divisor is strongly used in 
the second equality. 

Direct Image Sheaves: The hrst lines of this paragraph can be found in 
Chapter 1 Section 4.7 of [GrReJ . Let / : X —> F be a holomorphic map between 


the analytic varieties X and Y and S an analytic sheaf on X. For any open Stein 
subset UofY we can associate the C>(7/)-module There are canonical 

restriction maps and we have an analytic presheaf on Y dehned on all open Stein 
subsets of Y. The associated analytic sheaf on Y is called the Tth direct image of 
S and is denoted by Bd f^S. Every short exact sequence 0—>T —i>0of 
analytic sheaves over X induces a long exact cohomology sequences 

0 ^ ^ R^f,S ^ R^fX R^hS ■ 


The following fact says that the functor cind lim commute: 

A. 12. Let / : X —y be a holomorphic map between the analytic varieties X and 
Y and {5^} a direct system of analytic sheaves over X. Then 

lim R^f.Sk = Rdf* lim Sk 

k—^oo fc—»-co 

The Grauert direct image theorem says when the direct image sheaf R^f*S is 
coherent: 


A. 13. (Grauert direct image theorem) Let f : X —>■ Y he a proper holomorphic 
map between the analytic varieties X and Y and S a coherent analytic sheaf over 
X. Then for any i > 0 the Tth direct image R^f*S is a coherent analytic sheaf over 

y. 


Let X' be an analytic subvariety of X and S an analytic sheaf over X. By 
structural restriction of S to X' we mean S \x'= where Ai is the sheaf of 

holomorphic functions vanishing on X'. If 5 is a coherent Gx-niodule sheaf then 
S \x' is a coherent Gx'-niodule sheaf. This restriction is different with the sheaf 
theorical restriction. In what follows all restrictions we consider are structural except 
in mentioned cases. 

Let : y —>■ be the holomorphic function introduced in in the first section, c 

a point in P^ and S an analytic sheaf on V. 

A.14. Let S be an analytic sheaf on V. Then 

{R^g,S){*D) = R^g,{S{*g-\D))) 

where D = {p}. 

The above proposition in general may not be true (for instance when g has mul¬ 
tiplicity along g~^{D)). 


We define iSc = 5 to be the restriction of S to the fiber Vc = g ^(c). The 
following natural function is well-defined: 


gc,i : R^g*S |c^ W{Vc,Sc) 
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A. 15. The map i > 0 is injective. 

Proof. Suppose that for an a G R^g^S |c we have gc,i{^) — 0- ^ Stein covering 

W of Vh, a is represented by an element a G H\U,S), where U is a. small open disk 
around c. gc,i{ct) = 0 means that the restriction of a to 14 is zero. In other words 
there exists a /? G fl 14,5 1^^) such that a = df3. Since lA is a Stein covering, 

taking U smaller if it is necessary we can represent (3 as an element of C^~^{U,S) 
(by extending P). Now a — df3 \v^= 0 and so a — df3 = hog.'y for some 7 G C\U,S), 
where h is a holomorphic regular function on U vanishing on c (here we have used 
this fact that the multiplicity of g along each irreducible component of I 4 is one). 
Therefore a is zero in R3g.^S 4 □ 


The map gc^i need not to be surjective. The obstruction to the surjectivity of 
gc^i is an element a G R^^g^Sc with supp{a) = {c}. Therefore if R~^^g^S is freely 
generated then g^^i is an isomorphism (For more information see [GrRej p. 209). 

Our main Theorem in this paragraph which is used frequently in the article is 
the following: 


A. 16. (Variational vanishing theorem) Let g '.V —>■ be as before and S a coherent 

sheaf on V. Let also A be the blow-up divisor in V. Then 


Rg^S{*A) =0, i>l 


Proof. The main property of A is that it its intersection with each hber I 4 is positive 
in 14- Fix a regular value c G Ph Since Ac = A fl I 4 is positive in I 4 , there exists a 
natural number ko such that 

R4Vc,5c(A:Ac)) = 0, k>ko 

This and IA.15I imply that Rg^,S{kA) |c= 0. By Grauert direct image theorem 
Rg^S{kA) is coherent, therefore Rg^S{kA) is the zero sheaf in a neighborhood of 
c. Now in this neighborhood we have 

Rg^S{*A) = Rg^ lim S{kA) = lim Rg^S{kA) = lim 0 = 0 

fc—>00 /c—>00 /c—>00 

Until now we have proved that supp{Rg^,S{*A)) C C. If we had some type of 
Kodaira vanishing theorem for a singular variety I 4 , c G G then the proof was 
complete. But I do not know such a theorem and so I use the following trick: Let b 
be a regular value in P^. Since Rg^:S{*A) is a discrete sheaf, we have 

H\¥\Rg,Si*A){*b)) = UcecR'fo5(*A)c 

By lA.lll we have Rg^,S{*A){b) = Rg^S{*A + *Vb) and so iL°(P^, Rf^S{*A){*b)) = 
H%F\Rg,S{*A + *Vb)) C R{V,S{*A + *Vb)). A U14 is the pullback of M;, by the 
blow up map tt : U —M and Mb is a hyperplane section of M. Therefore A U 14 is 
a positive divisor and 

H\V,S{*A + *Vb)) = 0 

We conclude that Rg^S{*A)c = 0 for c G G which is the desired. □ 
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Atiyah-Hodge type Theorems: Let V he a projective manifold of dimension 
n and A a submanifold of V of codimension one. Denote by the sheaf of 

meromorphic i-forms in V with poles of arbitrary order along A. We have the 
following, not necessarily exact, sequence 

0 ^ C ^ ^ ^ ■ “C" ff^(V, Q\*A)) 4 • • • 


We form the cohomology groups 




Ker(d^) 


i > 0 


A. 17. (Atiyah-Hodge Theorem JNr| /j Suppose that A is positive in V. 
are natural isomorphisms 


H\V-A,C) ^ W 


Then there 


Roughly speaking, this theorem says that every cohomology class in H^{V—A, C) 
is represented by a closed meromorphic i-form in V with poles along V. 


B Some topological facts 


All homologies considered in this appendix are with rational coefficients. Recall the 
notations dSD, iD- Let c G P^, t/ a small open disk with center c and b a regular 
point in the boundary of U. We denote by D the closure of t/ in P^. Let also 
{pi I i = 1,2,..., k} be the singularities within Lc- To each pi we can associate a 
set of distinguished vanishing cycles {6ij \ j = 1,2,... ,1^} in (see HSYl). 

Let also pc denote the sum of Milnor numbers of singularities within L^. If c is a 
regular value of /o then /Xc = 0 . 

B.l. We have 1. Lc is a deformation retract of Ld 2. Hn+iiLu) =0 3. Hi{LD, Lf) = 
0 for 0 < i < n and Hn+i{Lr,, Lf) is freely generated of rank pic 4- Lu is a Stein 
manifold 5. There is no linear relation between Sij’s 6. Til, 0 < i < n — 1 is a freely 
generated Ofi^c-nT^odule of rank Pi and TVf is a freely generated Of>i^c-fnodule of rank 
Pn Lc 


Proof. Let us prove the hrst part. Since out of c the map is a C'°° hber bundle, 
by homotopy covering theorem (see 14, 11.3. [Stji we can take U smaller if it is 
necessary. Let Bi,i = 1,2,... ,k be an open ball with center pi whose boundary 
is transverse to Lt,t E D. f : {Ld — lJiBi,d{LD — Uji?*)) —> D is a C°° hbration. 
Therefore Ld can be retracted to Lc U Uj(Lo fl Bp. Now by an argument stated in 
AGVj p.32 we know that Lc fl Rj is a deformation retract of L^ fl Rj and so Lc is 


a deformation retract ol Ld. 

Let us prove the second part. Let 6 be an {n + l)-cycle in L^. Taking another 
cycle in the homological class of 6 we can assume that 6 does not pass through pfs. 
This time we take the ball R* in such a way that it does not intersect 6. Let D' be 
another small closed disk inside D with center c such that Lt,t E D' is transverse 
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to dBi. Liji is a deformation retract of Ljj and U Uj(L£)/ fl Bi) is a deformation 
retract of L^i, where 6 is a regular value in the boundary of D'. Therefore S is 
homologous to an {n + l)-cycle in L;,. But Lf, is a Stein manifold of dimension n 
and so = 0. We conclude that Hn+i{Lu) = 0. 

The proof of the third part is the same as (5.4.1) of [Laj . Instead of 15.5.91 jLaj 
we use a similar statement for an arbitrary isolated singularity (see HSYj). 

Lu has no non discrete compact analytic set because Lu = Ut^uLt and each Lt 
is a Stein analytic space. Now let us prove that Lu is holomorphically convex. To 
see this fact let p = cx) ^ t/ and t ^ U. We can consider Lu as a subset of the Stein 
manifold M — Mp = L^. Every holomorphic function in Lt extends to M — Mp and 
hence to Lu- Knowing this and the fact that each Lt,t G 17 is Stein, we can easily 
check that Lu is holomorphically convex. 

Now let us prove the hfth part. Writing the long exact sequence of the pair 
{Lu, Lh) we have: 

(29) ■■■—;> Hn+liLu) Hn+liLu, Tft) —> HniLj,) — Hn^Lu) 0 

Hn+ii^Lu) = 0 and the vanishing cycles 5ij are images of a basis of Hn+i^Lu, Lh) 
under the boundary map. Therefore there does not exist any linear relation between 

6ij's. 

Now let us prove the last part. Since L^. is a deformation retract of L^, Tf*, i <n 
is freely generated of rank dimHi{Lc). By 1,2,3 and the long exact sequence of the 
pair (LuyLh), we have dim{Hi{Lc)) = Pi,i < n — 1 and dim{Hn{Lc)) = Pn — fJ^c- □ 

Both the inclusions C Lu-ih G D and Lc G Lu, induce isomorphisms in Tth 
homologies, where i < n — 1 and i = n if c is a regular value. This means that we 
have a natural i-th homology bundle, and hence i-th cohomology bundle over P^, 
for i < n — 1 (for i = n over P^ — (7). 


C Local Brieskorn modules 


Let / : (C"'’''^,0) —(C, 0) be a germ of a holomorphic function with an isolated 
critical point at 0. The Brieskorn module 


'H{0) 


df A 


is a freely generated Ocp-module of rank /i (see [Brj and [Sej h where kl* is the set of 


Tforms in 0) and /i is the Milnor number of /. Let f be a coordinate system 

in (C, 0). 


C.l. Suppose that the restriction of {uji G kl"' | 1 < z < /r} to a fiber f~^{t),t G 
(C, 0) — {0} generates its cohomology group. Then for all a; G kl” there exists a 
natural number h such that t^u belongs to the Oc o-module generated by oji’s in 
'/7(0). 
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Proof. Let {Sj(t) \ 1 < j < //} be a basis of vanishing cycles in Hn{f ^{t), Z). Define 
the matrices A = and B = Dehne 


(30) 


p a-'b ^ 

det{A) 


where adj{A) is the adjoint of A. If we change the basis of Hn{f~^{t),Z) and 
C is the matrix of this change then A changes to C.A and B to C.B, therefore 
P = {C.A)~^C.B = A~^B does not change, particnlarly when C is the monodromy 
operator obtained by tnrning aronnd 0. We conclnde that P is a one valned holo- 
morphic fnnction in (C, 0) — {0}. (IHIHl implies thatP = where h is a natnral 
nnmber and P' = [pj\,Pj € C>c,o- Now 


/ - '^piUJi) = 0 

A basis of the freely generated C>c,o-niodnle 'H{fS) generates C), Vt G 

(C, 0) — {0}. Therefore — YhiPi^i is zero in '-P(O). □ 

Recall (I24j) and The main proposition in this appendix is: 

C.2. C' is a free ^c-'i^odule of rank pc- 

Its proof consists of varions steps. 

C.3. % is a finite dimensional vector space. 

Proof. Let a be a regnlar point in U. Since A fl 14 is a hyperplane section of 14 
and i = 1) 2,..., fc j = 1, 2,..., are linearly independent, by Atiyah-Hodge 
theorem there are meromorphic n-forms Uij in 14 with poles along A fl 14 snch that 

‘-J 

Consider the sheaf S of holomorphic n-forms in Vu which are zero restricted 
to 14 . 5 is a coherent sheaf and so by IA.16I H^(Vtt. >Sf*AA = 0, where iS(=t:A) is 
the sheaf of meromorphic sections of S with poles of arbitrary order along A. This 
implies that each Uij extends to Vu as a meromorphic n-form with poles along A. 
We use the same notations for the extended ones. We conclude that the restriction 
of the n-forms ujij to a regular hber of a singularity g : iV^pi) (P^, c) generate its 
n-th cohomology group. This and 1C.II imply that for every uj G Cc/C' there exists 
a natural number h such that {t — cYuj = 0. Let D = {uJi | i = 1, 2,..., pc} freely 
generate Cc and h be the minimum number such that {t — c)^Q = 0 in CcjC'^. Now 
Uo<i<h-i(t — c)*f2 generates Cc/C' as a vector space. □ 

C.4. If S is a free Oc,o module of finite rank k and if R is a submodule, then R is 
free of rank I < k; one has I = k if and only if dime S/K < 00 . 

Ocfl is a principal ideal domain and the proof follows form the structure theroy 
of modules of principal ideal domains. 
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Proof of IC.gl We know that Cc is a free Opi^c-module of rank /ic- Also by 1(1.31 
Cc/C' is a finite dimensional vector space. Therefore we can apply 1(1.41 and conclude 
the theorem. □ 

I believe that C' = Cc- But the methods in this article are not sufficient to prove 
this stronger result. 

Let A = {{zi, Z2, ■ ■ ■, Zn) e (C”, 0) I = 0} and hi* be the set of holomorphic 
i-forms in (C”, 0) — A. We have the complex 


0 ^ 


dO 






0 


and so we define if* = ■ Let also hi* be the subset of hi* containing the 

i-forms with poles of arbitrary order along A. In the same way we can define Hf 

C.5. we have = HI = 0,i > 2 and = H} = L, where L = {p^ \ p G 

Proof. The proof is completely formal, for instance see Theorem 3E. We only 
prove the proposition for ii*. For the other the argument is similar. 

Fix the Tform a; with duj = 0. We want to prove that uj = drj (up to L if z = 1), 
where r] G Let k be the least integer such that the representation of uj contains 

only dzi,dz 2 , ■ ■ ■ -jdzk (we have i < k). The proof is by induction on k. The case 
/c = 0 is trivial. We write uj = dzk A a + /?, where a and (3 are differential forms 
that involve only dzi, dz 2 , ■ ■ ■, dzk-i- Since —dzk A da + dj3 = 0, the coefficients of 
a and /3 do not depend on Zk+i,... ,Zn- If A; > 1 then we can write any coefficient 
of a, say /, as / = ^ and ifA; = las/ = ^ + ^, where g ^ and p G O^k Q. 
Let 7 be the differential form obtained from a by replacing each coefficient / by the 
corresponding coefficient g. Then dy = 5 + dzk A a (if fc = 1 then up to L), where 
(5 is a differential form involving only dzi ,..., dzk-i- Next set 6 = 6 — f3. We have 
d9 = 0 and so by induction 9 = dg {if i = 1 then up to L). Now oj = (/(y — g) (if 
i = 1 then up to L). □ 
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